
The Flow of Rarefied Gases 

It has been shown experimentally by Knudsen and others that gases flowing a t  decreasing total 
pressures through small capillaries pass from a region of Poiseuille flow to a so-called slip flow 
region which contains a flow minimum. Frequently the practice has been followed of approximating 
this behavior with a linear relationship which, although it gives a fairly good approximation to 
the actual curve, is incomplete in theory. 

A new equation for the flow of gases in capillaries is presented, in which all flow constants 
can be calculated from the simple kinetic theory of gases. It is shown that this equation 
reproduces the experimental results of Knudsen and others over the entire range of laminar, 
slip, and Knudsen flow within the accuracy that might be expected from the simple kinetic 
model adopted. 

Some discussion of the use of this equation in the design of vacuum piping and its applicability 
to flow through porous solids is also given. 
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The flow of gases under high vac- 
uum, through fine capillaries, or 
through the small pores of a solid has 
been divided into three regimes, that 
of laminar or Poiseuille flow, the SO- 

called slip flow region, and a region 
of molecular streaming or Knudsen 
flow. Physically these flow regimes are 
the result of the increasing frequency 
of molecular wall collisions relative to 
intermolecular collisions, as the ratio 
of the channel dimensions to the mo- 
lecular mean free path decreases. That 
is when this ratio is large, Poiseuille 
flow is observed; when its value ap- 
proaches unity, slip flow results, and 
for conditions such that the mean free 
path greatly exceeds the radius of the 
channel, Knudsen flow occurs. In the 
limiting case of Poiseuille flow the 
fluid can be treated as a continuum, 
and in the other extreme represented 
by Knudsen flow each molecule of the 
gas behaves independently of the 
others. Adequate formulas for both 
these regimes have been developed. 
In the slip region of flow however the 
rate of wall collisions is comparable 
with the rate of intermolecular colli- 
sions, and this situation presents some- 
what more of a problem. 

It has been the practice in the past 
to express flow rates in the slip region 
by a modification of the Poiseuille 
equation which contains a slip correc- 
tion term. This correction factor is de- 
rived by assuming that the flow veloc- 
ity at  the wall is not zero and by mak- 
ing an estimate of the magnitude of 
the wall velocity from simple molecu- 
lar momentum transfer theory for di- 
lute gases. 

Equations of this type are usually 
written in terms of a specific flow rate 

F. A. L. Dullien is at present with the Univer- 
sity of Oklahoma, Stillwater, Oklahoma. 

Vol. 8, No. 3 

G = G / A ~  for a given gas and capil- 
lary: 

G = A p + B  (1) 
Present (1 )  gives a detailed deri- 

vation of such an expression. 
The above equation is commonly 

applied to the flow of gases in capil- 
laries and in porous solids. It implies 
that the specific flow rate should be 
linear with pressure, and it also might 
be expected that the quantity B would 
be identical with the expression for 
Knudsen flow as the pressure ap- 
proached zero. However experiments 
of Knudsen (2) and others in circular 
capillaries have demonstrated the ex- 
istence of a minimum in the specific 
flow rate-pressure curve and have 
shown that the value of the slip cor- 
rection term obtained from the straight- 
line intercept of such a plot is con- 
siderably lower than the experimen- 
tally determined limiting flow or the 
minimum flow. Therefore the flow ex- 
pression of the form of Equation (1) 
cannot be complete for the flow re- 
gimes described earlier. Knudsen pro- 
posed an empirical modification of 
Equation (1) of the form 

where all constants were determined 
from experimental results. A more 
theoretical expression which would 
qualitatively or quantitatively account 
for the observed experimental be- 
havior in flow through circular capil- 
laries does not appear to have been 
presented as yet. The problem has 
been discussed by Present (1 ) . 

Although tentative expIanations of 
the occurrence of a flow minimum 
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have been offered by Present and Pol- 
lard (3)  and by Wicke and VoIlmer 
( 4 ) ,  these do not give any indication 
as to the mathematical form for a 
more general expression, based on the 
physical picture they suggest, that 
would even qualitatively describe 
these experimental curves. 

D E R I V A T I O N  OF A M O D I F I E D  F L O W  
E Q U A T I O N  FOR CIRCULAR 
CAPILLARIES 

It has been pointed out by several 
authors that the shortcomings of Equa- 
tion (1) may be owing to the fact 
that the elementary mean free path 
theory used in the derivation of the 
slip correction term is not rigorous. 
Although this latter statement is true, 
it would seem also that for regions 
where the mean free path A is approxi- 
mately equal to the tube radius r even 
a simple kinetic theory should ap- 
proximately describe the observed 
flow behavior. I t  is not apparent how 
the slip term could be reformulated 
even by a more sophisticated kinetic 
approach in such a way as to recon- 
cile this qualitative disagreement. Cer- 
tainly in formulating the slip term it 
would appear to be a justifiable as- 
sumption to say that in the region 
where A - r ,  a zero value for the flow 
velocity at the wall is not a satisfac- 
tory approximation. Therefore it would 
seem to be more logical to suppose 
that the physical picture underlying 
Equation ( 1) is either essentially er- 
roneous or incomplete. 

It follows from the kinetic theory 
derivation of Equation (1) that it ac- 
counts for molecules undergoing inter- 
molecular collisions, or those invoked 
in a wall collision between two inter- 
molecular collisions. However under 
conditions where r - A, on the aver- 
age, a considerable number of mole- 
cules do not suffer an intermolecular 
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collision between two successive wall 
collisions. It would seem logical to ex- 
clude these latter molecules from the 
scope of the modified Poiseuille equa- 
tion and to consider them separately. 
A plausible way to treat this group of 
molecules would be to assume that in 
the first approximation their flow can 
be described by the Knudsen flow 
formula. 

Accordingly, the specific flow equa- 
tion should have the form 

G =  [ i - F ( - 3 ]  ( A F + B )  

+.(+ (3) 

where F ($) is the fraction of the 

molecules that, on the average, do not 
collide with other molecules between 
two wall collisions. 

Considering the molecules that are 
leaving a surface element of the wall 
of a long capillary tube ( L  >> A ) ,  
and assuming completely diffuse re- 
flection, one can show that the frac- 
tion which strikes the wall again be- 
fore undergoing an intermolecular col- 
lision is given by 

-(?> (;) 
sin 0 

e dOdp (4)  

An approximate solution for this inte- 
gral, obtained by numerical integra- 
tion, can be expressed as 

or for small values of r / k  

2r -(A 
\ A '  

F ( + ) = e  

( 5 )  

Therefore, for a long capillary tube 
of circular cross section, Equation ( 3 )  
becomes 

- sinh-'( :) 
( A T +  B) + e c (6) 

I t  is apparent that Equation (6)  re- 
duces to the Knudsen formula when 
A >> r and becomes the Poiseuille 
equation if r >> A. 
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Fig. 1. Comparison of calculated and experimental flow rates for carbon dioxide 
in a glass capillary, experimental data from Knudsen (2 ) .  

The constant terms A, B, and C in 
the equation can be evaluated from 
simple kinetic theory. However the 
value of the slip term B is dependent 
on the extent of the region of slip 
velocity, which in turn is described in 
terms of the mean free path length. 
The elementary kinetic theory value 

for the mean free path q = - nm;A 

has been used by Present (1) in for- 
mulating the slip term. It would seem 
to be logical however to make use of 
the more sophisticated kinetic equa- 
tion of Chapman and Cowling; that is 

1 
3 

1 -  
2 7 = -nmvX ( 7 )  

particularly as this equation applies 
much more rigorously for momentum 
transfer processes such as are being 
considered here. 

Accordingly, then, if the constants 
of Equation (6)  are evaluated, the 
following expressions can be written: 

(9)  

As the mean free path is inversely 
proportional to pressure, one can write 

2r - 
- aP - _  

A 

where a is a constant for a given 
capillary and a given gas at constant 
temperature. If this expression is now 
substituted into Equation (6 ) ,  and 
the resulting equation differentiated, 
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the condition at which the flow curve 
has a minimum is found to be deter- 
mined by the equation 

u(C A - B) = [I+ (?,.I" 
sinh-' (t) 

[ e  -1 1 +2' (12) x 
When one substitutes the foregoing 

kinetic expressions for A, B, C, and 

should have a 
u ( C  - B )  

7, the term A 
universal value equal to 

u ( C - B )  16 4 i ~  8 
A = (z-,)-= %7 2.91 

(13) 
and therefore (r/A)mln should also 
have a single value given by Equa- 
tion (12), from which 

( r h )  ,,,," = 0.49 (14) 

It  is of interest to compare this re- 
sult with the flow minimum found by 
Knudsen in his experimental tests, 
which occurred at values of (r/A),,,ln 
-0.32 to 0.48. I t  would appear that 
the value given by Equation (13) 
may be a little high, therefore, but it 
does fall very close to the experimen- 
tally found range. 

A further check with experiment 
may be made by noting that the value 
of C, as given by Equation ( l o ) ,  
gives quite close agreement with the 
actual limiting Knudsen flow as the 
pressure approaches zero. The ratio of 
the two constants C and B can be 
found from Equations ( 10) and (9) : 
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Equation (6)  it will increase the value 
of the minimum flow. On the other 
hand a lower value of the constant C 
will both decrease the value of 
(r/A)mln and slightly decrease the 
value of the minimum flow. The form 
of Equation (12) suggests that it 
would be experimentally difficult to 
obtain a highly precise value for the 
ratio (r/A)ml,,. However it appears to 
be true that the minimum flow rate in 
circular capillaries does occur at a uni- 
versal value of the ratio r / h ,  and this 
value is close to 0.40. The flow equa- 
tion suggested here appears to repro- 
duce experimental results within the 
accuracy of determination of values of 
the constants. Very close agreement 
with experiment can be obtained with 
Equation (6)  by adjusting the values 
of the constants slightly. The magni- 
tude of these adjustments is within the 
limits of error quoted by Knudsen. 
The success of Equation (6)  would 
also appear to justify to a large extent 
the initial assumption of diffuse mo- 
lecular reflection at the capillary walls. 

Fig. 2. Comparison of calculated and experimental flow rates for carbon dioxide 
in a glass capillary, low-pressure range. 

A corresponding average value for 
this ratio taken from the experiments 
of Knudsen is 1.23, in good agreement 
with the above. If this empirical value 
of 1.23 is used for the ratio of the 
constants C / B ,  then the value of 
(r/A),,,ln = 0.44 and falls within the 
experimental range. 

I t  might be noted that use of the 
simpler kinetic equation relating vis- 
cosity and mean free path would re- 
sult in the following equation for the 
slip term B :  

BE- (16) 

Use of this expression in Equation 
(13) results in a value for ( T / X ) , , , , ~  = 
0.60 and also gives for the ratio C / B  
a value of 1.70. I t  may be concluded 
therefore that the region of slip veloc- 
ity in terms of mean free path length 
is best described by the more rigorous 
kinetic expressions. 

The experiments of Knudsen with 
carbon dioxide using his "Capillary 
No. 4" gave a value for the specific 
flow at the minimum of 0.0324. Put- 
ting Equation (6)  in the same form 
as that employed by Knudsen, and 
using Equations ( 8 ) ,  (9), and (10) 
for the values of A, B,  and C respec- 
tively, one calculates the flow value as 
0.0322, in excellent agreement with 
the experimental value. 

In Figures 1 and 2 the solid line 
shows a plot of Equation (6)  with 
values of the constants A, B, and C 
from kinetic theory, that is as given 
by Equations ( 8 ) ,  (9), and (10) .  
The points represent the data of 
Knudsen for the flow of carbon diox- 
ide at 25°C. It can be seen that these 
values lie within 3% of those pre- 
dicted by Equation (6) .  Additional 
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calculations with Equation (6)  agree 
equally well with data given by Knud- 
sen for the flow of oxygen and hydro- 
gen through tubes of varying length 
and radius. 

The values for ( T / A ) , , , ~ ~  calculated 
from (12) are somewhat on the high 
side in comparison with the values ob- 
tained by Knudsen and by Klose ( 5 ) .  
These results showed an average value 
for (r/A)mln of about 0.40, with a 
scatter of 25%. The discrepancy may 
be partly explained by the fact that 
the experimental value of C, as found 
by Knudsen, is usualIy a littIe lower 
than the theoretical value used in the 
present calculations; that is Equation 
(12) shows that increasing B will de- 
crease the value of (T/A),,,~", but from 

GENERALIZED CORRELATION FOR 
FLOW IN DUCTS 

When one considers the close agree- 
ment given by Equation (6)  with ex- 
periment, it is of interest to generalize 
this equation as much as possible. De- 
sign equations for high vacuum sys- 
tems used to the present have been of 
the type of Equations (1 )  or ( 2 ) ,  in- 
cluding correction factors attributed to 
the fraction of diffuse or specular mo- 
lecular reflection at the tube wall. In 
effect, these equations approximate 
the true shape of the flow curve with 
a best-fit straight line. This procedure 

50 
I(. .B  
7 

Fig. 3. Comparison of general flow equation with earlier correlations. Representative experi- 
mental data for carbon dioxide, oxygen, hydrogen, air from Knudsen (2). 
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is probably satisfactory except at low 
pressures, that is if T / A  < 1.0. How- 
ever Equation (6) should form the 
basis of a more exact design approach. 

If Equation (6) is divided through 
by the term AF, and the relationship 
C = 1.273B is used, then 

(17) * 
where 

G, is the fictitious 00w that would oc- 
cur if the Poiseuille equation above 
were used in calculations. The quan- 
tity R is the ratio of the true flow to 
that given by applying the Poiseuille 
equation. All groupings in Equation 
(17) are dimensionless. If now the 
kinetic expressions for A and C are 

introduced, with 7~ = - nm& it can 

be found that 

1 
2 

2r - 128 A? 
8 r c  (19) 

It  is convenient to define as the 
working dimensionless group the latter 
quantity in (19);  that is 

----=-- 
A 3rr C rr ~ J V  

- 
(20) - _  ‘p -_ K - 

?lu 

inasmuch as this group can be calcu- 
lated directly from system properties 
and conditions. Rewriting Equation 
(18) with this group and rearranging 
one gets 

G 811 1.144 

GP - - [  K ‘1 - = R = e  -- 

4.189 
K +- + 1  (21) 

All data for circular ducts when 
plotted as R vs. K should fall on a 
single curve. 

A complete compilation of experi- 
mental data for flow in circular ducts 
has been given by Brown et al. (6) ,  
together with additional data from 
their own tests. These results were 
correlated by the equation 

I - 
R ~ 1 + 4 ( % ) ~  (g-1). 

(22) 
where R has the same meaning as in 
__ 

Use of the simpler form F = e - 2 y / h  introduces 
an error in the calculated flow which never ex- 
ceeds 2%. 

Sample 

Filtros 

Selas 015 

Selas 03-1 

Kaolin 

Celite 

Limestone 36 

Limestone 63 

TABLE 1. COMPARISON OF EQUIVALENT PORE SIZES BY MERCURV 
PENETRATION AND BY FLOW TESTS 

Source and description 

Porous filter plate 
Filtros Corp. 

Synthetic filter media 
Selas Corp. 

Synthetic filter media 
Selas Corp. 

Porous porcelain 
Coors Ltd. 

Pelleted diatomaceous earth 
Johns-Manville Co. 

Natural Alberta limestone 

Natural Alberta limestone 

Pore radius, f i  
By mercury By flow 
penetration tests 

16.4 14.7 

1.17 1.02 

0.65 0.67 

0.16 0.13 

0.48 0.57 

0.31 0.40 

0.15 0.14 

Equation (21).  The dimensionless 
parameter X can be shown to be re- 
lated to the group K as follows: 

The factor f is taken to be propor- 
tional to the degree of diffuse reflec- 
tion occurring from the tube walls. 
Brown et al. found that experimental 
data could not be fitted equally well 
over the entire range of conditions by 
a single value of f .  This result might 
have been expected. It is felt that the 
flow equation developed here [Equa- 
tion (21)],  which makes the more 
logical assumption of completely dif- 
fuse reflection, should fit experimental 
data equally well, over the entire 
range from laminar to free molecule 
flow. In Figure 3 the correlating 
curves of Brown et al. are reproduced 
as dashed lines, and Equation (21) is 
plotted as a solid line. At small values 
of r / i  (X large) the above authors 
fitted the experimental data by a 
straight line having the equation R = 
8.OX. Equation (21) for the same 
range of values predicts a straight-line 
relationship equivalent to R = 8.5X, 
which appears to fit the data shown 
at least as well or somewhat better 
than the first relationship. For smaller 
values of X the form of Equation (21) 
fits all the data given with a smooth 
transition between the two curves pro- 
posed by Brown et al. The data for 
iron pipes given by these authors, 
which fell well below the curves of 
Figure 2, still cannot be explained. 
However the possibility of significant 
experimental error in these particular 
results is now much more likely in 
view of the theoretical nature of 
Equation (21). 
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PIPING DESIGN CONSIDERATIONS 

The design chart given by Brown 
et al. (6) is based upon an adequate 
correlation and is therefore, of course, 
satisfactory for many design prob- 
lems. Sofer and Weingartner (7)  dis- 
cussed the three particular solutions 
usually desired in the design of vac- 
uum piping system. These three cases 
are listed below, together with the 
recommended procedure for design 
when employing Equation (21).  

Given exit and inlet pres- 
sures and pipe diameters, find through- 
put. Use Figure 2, Equation (21),  or 
design charts of Brown et al. 

Given exit and inlet pres- 
sures and throughput, find required 
pipe diameter. Multiply Equation 
(21) x K4, whence 

Case 1. 

Case 2. 

Gm Lp.? -tK 

Ap 77’7 
= e Ka (1.144 RK4 = 

- K )  + K 3  (4.189 + K) 

Case 3. Given exit presure 
throughput, and pipe diameter, 
pressure drop and inlet prcssure 
Modify Equation (21), and solve for 
pI by trial and error: 

(1.144 - K) + 4.189 3. K 

K =  ?.(PI + - P) ( 2 5 )  
2vJ 

It is believed that the above equa- 
tions offer a design method which is 
theoretically satisfactory and which 
may be simpler and more accurate in 
some ranges than present methods. 
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FLOW IN POROUS SOLIDS 

The application of Equation (6) to 
gas flow through a porous solid is of 
considerable interest. Because of the 
unique and complex features of any 
given pore structure, such an appli- 
cation is bound to be approximate and 
to involve the use of averaged values. 

The quantities of primary interest 
will be the equivalent circular radius 
and the length of the pores. Obvi- 
ously, the pore channels may vary in 
shape from the circular, and they may 
vary in cross-sectional area along their 
length. The length of a pore, in gen- 
eral, will exceed the geometric sample 
length. For these reasons a certain 
number of experimental flow measure- 
ments are always necessary in order 
to evaluate the flow characteristics of 
a porous solid. 

If flow measurements are available 
at relatively high pressures, that is 
such that r > A, then Equation (6) to 
a close approximation becomes 

the usual form of the slip flow equa- 
tion applied to porous solids. A plot 
of specific flow rate against the mean 
absolute pressure will give a straight- 
line relationship over this pressure 
range. If the resulting straight line is 
extrapolated to the zero pressure in- 
tercept, then this intercept gives a 
value for the slip term B,  and the 
slope of the line is the value of A. 
The ratio of slope to intercept can be 
written for a spectrum of pore radii 
such as usually exists: 

AIXntr: 
A i 

B B’Ln, rta 

where i refers to the individual pore 
radius. Substituting from Equations 
(8) and (9) into the above one ob- 
tains 
A 3 

B 4nTp 

(27) -=  

i 

-=  (-) 

X ni rh3 

(28) 

I ‘  
The ratio of the summation terms 
given in Equation (28) has been set 
equal to an equivalent average pore 
radius 7 Because of the dependence 
of the flow rate on the pore radius to 
the fourth or third power, any con- 
strictions in a pore channel will tend 
to have the effect of giving a mini- 
mum value for this equivalent radius. 
Therefore the value of r given by 
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Equation (28) might be expected to 
agree fairly well with the volume 
average radius determined by mercury 
injection methods. 

Flow rates as a function of total 
pressure were determined for a num- 
ber of porous solids with the tech- 
nique described by Arnell (8) and 
with pure nitrogen as the test gas. 
Such flow data gave good straight 
lines on plots of mean total pressure 
vs. flow rate. Some results for the 
equivalent pore radius calculated from 
these data and Equation (28) are 
given in Table 1 and are compared 
with the mean radius from mercury 
penetration experiments. I t  can be 
seen that the agreement is good. 

If values of A and B are available 
from experiment, then L can be cal- 
culated from Equation ( 8 ) ,  the ex- 
pression for A, and C can be found 
from Equation ( l o ) ,  which is ap- 
parently correct to within about 3%. 

As pointed out in another paper 
( 9 )  the value of 7 calculated from 
diffusion measurements also agrees 
well with that obtained from mercury 
penetration experiments. Therefore 
permeability tests apparently will give 
a satisfactory value of an average true 
Knudsen diffusion coefficient by ap- 
plying the relationship D,< = 2/3; ; .  

Also, since the value of C can be 
calculated from the known value of B,  
that is C = (4B)/(n), it is possible 
to determine the limiting Knudsen 
flow from the slip flow intercept and 
to calculate therefore an average ef- 
fective Knudsen diffusion coefficient 
based on the geometric proportions 
of the sample. 

Wicke and Vollmer ( 4 )  have 
pointed out that no minimum is to be 
expected in the total flow rate-pres- 
sure plot for a porous solid because 
of the spectrum of pore radii present. 
At best, a flattening out of the curve 
at low pressures might be observed. 
Free molecule flow through porous 
solids has also been discussed in some 
detail by Hiby and Pahl (10, 1 1 ) .  
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NOTATION 

All units used are in the absolute c.g.s. 
system. 

A, = geometric area of a porous 

A = Poiseuille flow constant 
solid sample 

B = slip flow constant 
C = Knudsen flow constant 
a = proportionality factor between 

mean pressure and mean free 

c ~ ,  C, = constants in Knudsen flow 
equation 

F = fraction of molecules under- 
going successive wall collisions 

f = fraction of molecules diffusely 
reflected 

G = molecular flow per unit time 
G = specific molecular flow per 

unit time per unit pressure 
differential 

= molecular flow per unit time 
as given by the Poiseuille 
equation 

Path 

G, 

k = Boltzmann constant 
K 

L 
L, 

m = molecular mass 
p = mean pressure 
Ap = pressure differential causing 

r = radius of a tube 
Y = equivalent circular radius de- 

R = flow ratio equal to G/G, 
u = average molecular velocity 

= dimens:onless group equal to 

= length of a capillary 
= geometric length of a porous 

rT/$ 

solid sample 
- 

flow 
- 

fined by Equation (28) 
- 

I 

( 2 g  
X 

X 
7 

= dimensionless group by Equa- 

= mean molecular free path 
= viscosity of the gas 

tion (23) 
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